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A closed expression for the harmònic oscillator wave function after the passage of a linear signal 
with arbitrary time dependence is derived. Transition probabilities are simple to express in terms of 
Laguerre polynomials. Spontaneous transitions are neglected. The exact result is of some interest 
for the physics of short làser pulses, since it may serve as an aceuracy test for numerical methods. 



I. CONSTRUCTION OF THE PROPAGATOR 



We consider the Schròdinger Equation: 
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The driving force j(t) is supposed to be real and of finite duration. The propagator of the above 
equation is well known [1]. 
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This path integral result describes the propagation of a Gaussian wave packet, which starts from 
5-function shape at time t — 0. More easily it may be derived by solving the time dependent 
Schròdinger equation (1.1). 

We notice that the wave packet 

*(*,*) = exp Í-A(t)^f- + iB(t)ax - ^ J 

solves equation (1.1), if the complex valued functions A(t),B(t) and C(t) are solutions of the fol- 
lowing set of ordinary differential equations: 
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Since we want to have a J-function initially: 
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A, B and C have to be solutions of (1.5) with a singularity at t = : 
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Substituting eqs. (1.6) in equ. (1.4) yields the Propagator (1.2). 



II. TRANSITION PROBABILITIES 

Transition probability amplitudes between energy eigenstates of the harmònic oscillator are given 
by: 
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This integral is evaluated making use of the generating function exp(2za; — z 2 ) for the Hermite 
polynomials H„(x) (cf. Appendix), yielding for m < n: 
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where m ' (x) is a generalised Laguerre polynomial 
and 
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Equation ( [?]) is our main result. 

For transitions from the ground state, i.e. m = 0, equation (8) reduces to the simple expression: 
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III. EXITATION OF WAVE PACKETS 



If the pulse j(t) is applied to the ground state of the harmònic oscillator, it will produce a wave 
packet, which is easily determined, applying the propagator to the wave function of the ground 
state: 
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The integral evaluates to: 
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describing an oscillating Gaussian wave packet of constant width Ax 2 = l/(2a 2 ). 
The expectation vàlues for position and momentum turn out to be: 
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IV. APPENDIX 

We evaluate equation (2.1), using the generating function for the Hermite polynomials. If j„ 
is the coefficient of w m z n in the Taylor expansion of: 
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Now: 
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where: 
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We find: 
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Therefore: 
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Extracting common factors from the sum and replacing k by m — k in the summation, we obtain: 
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The finite sum in this expression defines a Laguerre polynomial. Therefore: 
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which proves equation (2.2). 
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